We consider a model of quantum particles coupled to a massless quantum scalar eld, called the massless Nelson model, in a non-Fock representation of the timezero elds which satisfy the canonical commutation relations. We show that the model has a ground state for all values of the coupling constant even in the case where no infrared cuto is made. The non-Fock representation used is inequivalent to the Fock one if no infrared cuto is made.
Introduction
We consider a system of N quantum particles (N 2 IN) moving on the d-dimensional Euclidean space IR d (d 2 IN) under the in uence of an external potential V : IR dN ! IR (Borel measurable) and coupled to a massless quantum scalar eld. The model we discuss here is the so-called massless Nelson model 10] . The problem to which we address ourselves in this paper is that of existence of a ground state of the model without infrared cuto . It has been shown that the massless Nelson model with infrared cuto has a ground state 14, 7] . A natural question to be asked next is if the model without infrared cuto has a ground state or not.
We remark that, generally speaking, there is some subtlety on the existence of ground states of massless quantum eld models, which is due to possible infrared divergences.
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Indeed, in a class of models which describe interactions of particles and massless quantum elds, it is proved or suggested that, if the time-zero elds are given by the Fock representation and no infrared cuto is made in the interactions, then the models have no ground states, althogh it may depend on the strength of the parameters contained in the Hamiltonians 6, 13, 2, 3]. On the other hand, the Pauli-Fierz model in non-relativistic quantum electrodynamics has a ground state in the Fock representation of time-zero elds even if no infrared cuto is made. 4, 8] .
As for the massless Nelson model without infrared cuto , L orinczi, Minlos and Spohn 9] recently proved that, in the case d = 3 and N = 1, it has no ground state within the Fock space where the time-zero elds are given by the usual Fock representation of the canonical commutation relations (CCR) indexed by S real (IR d ), the space of real-valued, rapidly decreasing C 1 -functions on IR d .
The purpose of this paper is to point out that, if we consider the massless Nelson model in a non-Fock representation of the CCR for time-zero elds, then it has a ground state even in the case where no infrared cuto is made. This new representation of the massless Nelson model is inequivalent to the Fock one if no infrared cuto is made.
This paper is organized as follows. In Section 2 we rst brie y review the Nelson model in the standard form in which the time-zero elds are given by the Fock representation of the CCR indexed by S real (IR d ). We call it the \standard Nelson model"(SNM). Then we give an algebraic characterization of the Nelson model in a way independent of the choice of representations of the time-zero elds and derive rigorously eld equations in a weak sense. To the author's best knowledge, eld equations of the Nelson model has not been rigorously established so far (only formal or classical ones are available). In Section 3 we de ne the Nelson model in a non-Fock representation of the time-zero elds. In the last section, we prove that, under suitable hypotheses, the massless Nelson model introduced in Section 3 has a ground state even in the case where no infrared cuto is made. 
An abstract de nition of the Nelson model
As is seen above, the SNM uses the Fock representation of the CCR to give its time-zero elds and its Hamiltonain. We want to de ne the Nelson model in a way independent of the choice of representations of the CCR for time-zero elds. A natural manner for this is to use commutation relations ful lled by observables, i.e., to nd a possible Lie algebraic structure. We shall take commutation relations in a weak sense.
We denote the inner product and the norm of a Hilbert space X by h ; i X and k k X respectively. But, if there is no danger of confusion, then we simply write them as h ; i and k k. 
and the following relations hold in the sense of quadratic form on E: 
Field equations
We derive eld equations for the Nelson Proof. Using the well-known estimates
we have Proof of Theorem 4.1 We have
